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QUESTION 1

1. (a) Find the acceleration components at a point (1,2,3) at time

t = 1 for a flow field, q = 52 — 1522yj + tk [6 marks]

(b} Find the velocity components for a flow represented by the

stream function v = 9r?sin®f [5 marks)

{(c) The following velocity potential corresponds to an inviscid flow

around a cylinder of radius a.
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Given that U is a constant,

1. Find the velocity field. [4 marks]

ii. Find the stream function. [5 marks]

QUESTION 2

2. (a) The velocity potential for a two-dimensional, irrotational, incompressible

flow is ¢ = (z + 1)% — y2
i. Find the stream function. [5 marks]
it. Find the complex potential w(z), where z = = + 7y. [5 marks]

(b) Find the stream function corresponding to the velocity field
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[10 marks]



QUESTION 3

3. A viscous liquid occupies the space between two coaxial, infinitely-long
cylinders. The inner cylinder has radius a and is fixed, while the outer
cylinder has radius b and is rotating with constant angular velocity 2.
Let (r,6,2) be cylindrical polar coordinates with z-axis coinciding with
the cylinders’ axis such that the outer cylinder is rotating in the direction
of increasing #. Assuming that the velocity of the liquid has the form
q = u(r)# (where u(r) means that u is a function of r only and 4 is a
unit vector in the # direction) and that body forces are negligible,use the

Navier-Stokes equations in the form
V(-Q—q)—qx (VXq)=—;Vp—VVX (V x q)

to show that
u= A(r — a®/r)

where A = /(1 — a?/b?). Also show that
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where C is a constant. [20 marks]




4. (a)

QUESTION 4

Show that the steady velocity distribution given in cartesian coordinates
as

q=(4r — 2z)i — dyj + (2 — 22}k
is a possible motion for an

(i) incompressible fluid [2 marks]

(ii) irrotational fluid [3 marks]

Neglecting any body forces, show that the corresponding pressure field is

2 )
p = p(10zz — 10z% - ?Syz - §z2) +C

where C is a constant. [5 marks]

In the z = z + iy plane, a line vortex of strength m > 0, is placed at
z = ¢ and another, of strength —m, at z = —¢, where ¢ is a real positive
number. Both vortices are held fixed at these locations. Write down the
complex potential w for this flow and show that the stream function 3 and

the velocity potential ¢ are given by

(= cf + ¢ _m L %

T oig,e M ¢=—g tan s

(z+e)?+y T z2+y?-c

hint: You may set z — ¢ = r1e*®* and z + ¢ = rpei®?, and
A+ B

=)

use tan™' A + tan™! B = tan™* ( [10 marks]




(a)

QUESTION 5

An infinite row of line vortices, each of strength m > 0, are placed at the
points

z=0,=xa,+t2a,+3a,...,1na

where a is a real positive number. Use the following infinite product iden-

tity

sinE=E(1—f) (1+f) (1—i) (1+—z—)...
a a a a 2a 2a

to show that the complex potential for the flow is

w(z) = iﬂlo sin > + constant
T o & a
{12 marks]
Find the velocity components and show that
m
~=.0
(u,v)-—%( 5y’ ) as Yy — 400
m
(u,v) = (-!-%,O) as Yy — —o0
[8 marks]
QUESTION 6

Comnsider a steady, viscous flow confined between two rigid plates, one at
y = 0 and the other at y = h. Let the lower boundary y = 0 be fixed, while
the upper boundary y = h is moving in its own plane with velocity (U, 0, 0),
where U is constant. Suppose that the flow is two-dimensional, and hence
independent of the z coordinate (i.e 3/0z = 0, and the z—component of

velocity is zero,w = 0}. Assuming that all z—positions are identical so that



there is no change in the z-direction and 8/8x = 0. Use the Navier-Stokes

equations to show that the velocity profile of the flow is given by

[8 marks]
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Define
a \1/?
e=3(%) . v=—law)PFE),
where a and v; are constants, and use the relationships
_ % W
-y’ T Oz

to show that equation (1) transforms into the equation
FF'+F"=0

where the derivatives of F* are with respect to £. [12 marks]




QUESTION 7

7. Water flows out of a reservoir (see Figure 1) down a pipe of cross sectional area,

a. Prove that

(a)
2
b= { (B + o)V - —;—t 290/ (4% - ] "} —
{12- marks]
(b) the time to empty the resevoir is about
2 2 g 4
\/;{(H—Hzg) - H };
[8 marks]

where hg is the depth of the water at ¢ = 0, g is the gravity constant and h and
H are the heights shown in Figure 1.

Area, A

Figure 1:




