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Instructions

I. This paper consists of seven questions.

2. Answer any five questions.

3. Your work must be accompanied by appropriate explanations.
4, Use of celluiar phones during the examination is not allowed.
5. Only non-programmable calculators may be used.

Special requirements: None
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QL.

Determine the region in which the partial differential equation;
_ 2
TUggy T Uyy = T

is hyperbolic or parabolic. Transform the equation in the respective region

to its canonical form. 20 [marks]

Q2.

Transform the equation 4ugz + Suzy + gy + Uz + u, = 0 into canonical form
and hence find its general solution. 20 [marks]

Q3.

Show that the solution to:
U (z,1) = Fuge(z, 1), —00 < 7 < 00,1 > 0,

u(z,0) = f(z),w(z,0) = g(z), —o0 < z < 00,
may be given in the D’Alembert form;
1 1 fz+et
ulz,t) = -2-{f(a: +ct)+ flz—ct)} + EC_./m g(s)ds.

—ct

20 [marks]

Q4.

The non-homogeneous wave equation:
M Uy — CPuge = h(z,t); —00 < T < 00,t > 0
u(z,0) = f(z),u(z,0) = g(z), —00 < = < 00,
has solution:

u(z,t) = —{f(m+ct)+f(x—ct)}+2 f+d s)ds + — [f (z,t)d

Solve this problem when:
(a)h(z,t) = z + ct,u(z,0) = z and us(z,0) =sinz, —o0 < z < 0.
(b) h(z,t) = €%, f(z) = 2 and g = 2°. 20 {marks)



Q5.
The steady state temperature distribution u(z,t) within a homogeneous
semi-infinite rectangular plate satisfies:

Uge Ty = 0,0 <2 <a,0 <y < o0,

u(z,0) =Tp,0< z < a,
u(0,y) = u(a,y) = 0,0 < y < oo,
Use the method of separation of variables to derive the solution:
4TO _2n-limy

Z a Sin(2n—1)7ra:
(2n—1)

a

Hint: For ¢ > 0, where o is the separation constant, there are no nontrivial
solutions.

{20 marks]

Q6
(a) Consider the problem:

Uy = g + F(2),0 <z < 1,t >0,

u(z,0) = f(z),w(z,0) = 9(z),0 <
u(0,t) = e, u(l,t) = 5, >0

Set u(z,t) = v(z,t) + Ulx).

(a) Under --;irhat conditions does v(z,t) satisfy the equation: vy = c*v,, with
the appropriate homogeneous boundary conditions. It is known that this
equation has solution: '

1
Z{ancos +b sin TZC }sin%ﬂi.

(b) Now use the above analysis to solve the following problem:

Uzt = CUgz + h, where A is a constant,



WUz, 0) = u(z,0) = 0,u(0,t) = u(l,t) = 0.

(20 marks]

Qr.
(a) Let L{u(z,t)} = U(z, s) be the Laplace transform of u(z,t). Derive the

following formulae:
1. £{-g—1:} = sU(z, s) — u(z,0)

Fu

2. L{%s

} = s°U(z, s) — su(z, 0) - u(z, 0}

du d

32“} _ &
az2t  dx?

{(b)Use Laplace transforms to solve the equation:

4. L{ Uz, ).

U +TU, = 7,2 > 0, >0,

u(z,0) =u(0,t) =0,t> 0,z > 0.
20 [marks]

END OF PAPER



