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Question 1

(a) Determine the straight line that best fits the following data in the least squares
sense: (0,0), (2,2), (4,3) and (6,5).
[10 marks]

(b) Use the Gram-Schmidt procedure to calculate Ly and Lg, where {Ly, L1, Lo}
is an orthogonal set of polynomials on (0, 00) with respect to the weight function
w(z) =e * and Ly(z) = 1.

' [10 marks]

Question 2

(2) Show that the family of trigonometric functions {¢;(z)}$2,, where ¢;(z) =
cos jz, is orthogonal on [0, 27} with weight function w(z) = 1. Also calculate [{¢;]|
for 7 > 0.

[10 marks)]

(b) Hence, for f(z) € C[0,2n], determine ag and a; such that p; = ap + a; cosz
minimizes
2% ;
[ - P e
[10 marks]

Question 3
(a) Convert the initial value problem
y" 2 -y -y =ef y(0)=1, ¥ (0)=2, y"(0)=0,

to a ‘ﬁrst~ordefj"system u' = f(z,u). [8 marks]
(b) Apply the modified Euler method

h _
Yntl = Yn+ 5 {f(ﬂ';n, yn) + f($n+11 yn+1)} ’
Yn+s1 = ¥Unt hf(Zn,yn)

to the system in (a} with A = 0.1 to obtain an approximation to u{0.1).
[12 marks)
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Question 4

(a) Discuss convergence of the multi-step method

4h
Yk+a = Yr T ‘:‘3‘[2fk+3 — fr+2 + 2fk 41l

[10 marks]
(b) For f(z) € C[-1,1], determine the polynomial p; = ag + a1z, of degree one
that minimizes ) ) :

f [f () = p1(z)] dz.
—1 V1 —z?
{10 marks]

Question 5
Consider the standard initial value problem ¢’ = f(z,y), ¥(0) = yo. We would like
to construct a numerical method from the quadratic interpolant Pa(z}, of f at the

equally spaced nodes 41, Znt2 and Tnya.

(a) Write down the Newton form of P in forward difference form.
[5 marks]

(b) By integrating between z, and z,.4, derive the method

4h
Yn4d = Yn T+ ? {2fn+3 — fay2 + 2fn+1}
e [7 marks]
{c) Prove that this method is order 4, and find thé leading term in the local

truncation error.
[8 marks]
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Question 6

Consider the following hyperbotlic partial differential equation:

2u  B%u
- = 0 0<e<l, t>0
u(0,t) = 0, u(l,t}=0, >0
u(r,0) = 0, 0<z<1,
du
- = <zr<1
o (z,0) 0, 0<z<

By using the finite-difference method with A = k = 1/3, approximate the
solution at ¢t = 2/3 of the PDE, comparing your results with the actual solution
of u{z,t) = coswrsinnt at t = 2/3. Assume the differential equation holds on
the initial line, and use a second order Taylor series approximation to find an
approximation to the solution at ¢ = 1/3. ‘ 20 marks]

Question 7

(a) Assuming real A, determine the interval of absolute stability of the method

_ 4 _ N th
Y42 = 3yk+1 Syk 3 k+2

and hence conclude if it is A-stable. [10 marks]

{(b) Consider the following Poisson equation over the square region
{{z,y): 0<z <1, 0<y< 1}

Ugz + Uyy = &

u(z,0) = u(z,1) = %:c3; 0<z<1;

1

u(an) = 01 u(]“ly) = 6:

(i) Using h = k = 1/3, write down the corresponding difference problem based

on the five-point formula, stating the boundary conditions in terms of the mesh
points.

0<y<l

[5 marks]
(i) Determine the system of equations to be used to solve the problem.
[5 marks]
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