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QUESTION 1

1. Given that a mechanical system has transformation equations given by
r, = I.{(q1,¢,- --,¢) and kinetic energy given by T = T(¢q4, §o) Where g, are

the generalized coordinates. Prove that

or, Or,
(a) Bae - Pa. [6 marks]
(b) 2T =) q'agz- [6 marks]
=1 8qa

{c) Suppose that the potential V depends on g, only. Prove that the quantity
T+V is a constant

[8 marks]
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Figure 1:

QUESTION 2

2. Consider the pulley system shown in Figure (1) with generalized coordinates q;

and ¢, as indicated. Assume that the pulleys have negligible masses and that




P() is the reference level. Set up the Lagrangian for the system and prove that

the Lagrange’s equations of motion are given by

(my +ma + ma)gs + (ms —m2)ga = (ms+my)g
(ms — mo)ds + (M3 +ma)dz = (m3 —ma)g
[20 marks]
QUESTION 3

3. (a) If the Hamiltonian
H= Z pa(ja - L

a=1

is expressed as a function of the generalised coordinates g, and the mo-

menta p, ONLY and DOES NOT contain the time t explicitly, prove that

. _0H . oH
Qo = '5',5; ] Do = “%‘;
[8 marks]
(b) Given theﬁfollowing Lagrangian function
L= %ma:f + %mx% - %n(m% + z3) - %H(.’Dg — z1)?
for a certain mechanical system.
i. Find the corresponding Hamiltonian function. [6 mé.rks]

ii. Using Hamilton’s equations obtain the equations of motion for the

system. (6 marks]




4. (a)

QUESTION 4

By the method of Poisson brackets, show that the transformation, given

by

) 1
@1 = 2PsinQ + P, p1=§(\/2P1003Q1‘Q2>
1 )
\/2P1 cosCh + Qz, P = —5 (\/2131 SlIlQl — Pg)

dz

is canonical. [6 marks]

For what values of the constant parameters o and J are the following

transformations canonical

(i) @=¢%cosfp, P =g%sinfp [4 marks]
(i) Q=gqg%”, P=g"" {4 marks]
Given that,

A o= %(fvz +pa—y'-pl), Ax= }i(zy + Pupy)

Ay = %(-’cpy —yps), As=? 4y 4 pd 4P

where z amd y are generalized coordinates, and p; and p, are the general-

ized morl{enta, associated with z and y respectively. Show that

(i) [A1, Ao] = Az, (i) [A3 42 =4 (3, 3 marks]



QUESTION 5

5. (a) If the Hamiltonian H is defined by the relation H = Z Pole — L where
=1
H is the Hamiltonian and L is the Lagrangian, show %hat pe and g, are

related by the equations

om_ oL om0
ot~ ot ™7 o, P = B4

[8 marks]

(b) The Lagrangian function of a system is given by

L= tmie 4 b 1) - L —

2 2 2
(1) Determine the cyclic (ignorable) coordinates. [2 marks]
(ii) Derive the Hamiltonian for the the system. [4 marks]

(iii) Using the Hamiltonian formulation show that the equation of motion

corresponding to r is
p(F =)+ k(r—b) =0

[6 marks]

QUESTION 6

6. (a) Show that the Euler-Lagrange equation for the
b
functional =f F(z,y,y,y")dz is
a

OF _d (OF\, & (OF\_
dy dz \Oy dz2 \oy" )

10 Marks]




(b) Use the Euler-Lagrange equation given in (a} to find the extremal of the
functional

1
1= 1" +y + 8a%)da

subject to the boundary conditions y(0) = 0, y(1) = 1 and ¥/(0) =
1, ¥(1)=1 [10 Marks]

QUESTION 7

7. Find the curves that minimizes the following functionals subject to the given

boundary conditions
1

@ [ %+ 1207z, y(=1) = 1, y(1) = 1 [10 marks]
-1

(b) j::l(fly + zy™)dz  if y(e) = 0, and y(1) is not prescribed. [10 marks]




