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QUESTION 1

(a) Show that the function y(z} which renders the functional

I= / (z, ¥,y

stationary, satisfies the Euler - Lagrange equation given by
d (9F\ _OF _
dr \ Oy oy
where y' = dy/dz [6 marks]

(b) Find the curves y(z) that minimize the following functionals subject to the

given boundary conditions,
1.
I= / (y* — — 2ysinz)dz
with boundary conditions y(0) = 1 and y (-’25) =2. [7 marks)
il.
1 1 12 ! ! d
0 '2‘y +yy +y +yjazx

with boundary conditions y(0) = 3, (1) is free [7 marks]



QUESTION 2

2. (a) Show that if f is a function of p,, g, and t and H is the Hamiltonian, then

& _5f

[6 marks]

(b) The Hamiltonian of a two-dimensional harmonic oscillator of unit mass is
given by

1 1
H= “2'(17% +p3) + ng(fﬁ +g3)

where w is a constant. Given that
A=qp2~¢gp; and B =wqsinwt+ p;coswi

Show that both A and B are constants of motion. [8 marks]

{c) By the method of Poisson brackets, show that the transformation, given
by

. 1
g1 = +/2PsinQq + Py, pL = 3 (\/2P1 cos Gy — Qz)
1 .
g2 = J2Picos@Qi+Q2, p2= -3 (\/2P1 sinQ; — P2)

is canonical. [6 marks]



QUESTION 3

3. A simple pendulum of mass m; is attached to a mass m, which can move freely
along the horizontal line, as shown in the Figure below. The system is in a

uniform gravitational field (acceleration g).

o

Figure 1:

Choosing the generalised coordinates to be z, the distance moved by m, from

0O, and ¢, the inclination of BA to the vertical,

(a) Write down the transformation equation. [4 marks]

(b) Derive the Lagrangian function of the system. [6 marks]

(c) Prove that the Lagrange’s equation of motion corresponding to the gener-
alized coordinate ¢ is

I+ Ecosp+gsing =0

[5 marks]

(d) Write down the Lagrange’s equation of motion corresponding to z. [5

marks)



QUESTION 5

5. (a) Given that the transformation equations for a mechanical system are given

by r, =r,(¢1,42,. .., 0s), where g, are generalized coordinates. Prove that,
Q) _
or, Or,
9o O4a
(i)
o 8T
G = 2T
c; *84q
where T is the kinetic energy. [4, 4 marks]

(b) The Lagrangian for a certain dynamical system is given by
_Moa 252 42 o ) i ) — 1, ko
L= 5 (#*+7°0° +t° ~ 27t cos 6+ 2rtfsin ) —myg 2t rcosf 5 (r—a)

where r, 8 are generalized coordinates, ¢ is time and m, g and k are con-
stants. Using the Lagrangian method, show that the equations of motion

for the system are given by
. -3 k
F—rf = (g+1)cos€—-TH(r—a)

- . 5] 1
9+2T7+g+

sinf =0

[12 marks]




QUESTION 6

6. Use the following definition

[F:G]:Z

o

OF 0G _ OF 0G
0¢a Opa  Opo 00

of a Poisson bracket between two physical quantities F(qqa, Pa,t) and G{ga, Pa, t)

to prove the following properties.

(a) [u,v] = ~[v,] [3 marks]
b)  [u,ul=0 [2 marks]
© [wv+w]=[uv]+uv] [3 marks]
() [u,vw] = vfu, w] + [u, v]w [3 marks]
(€) 9o ps] = bag [3 marks)
() do = [ga, H] [3 marks]
(8)  Pa=[pa H] [3 marks]

where ¢, are generalized coordinates, p, are generalized momenta, H is

the Hamiltonian function and d,3 is the kronecker delta.



QUESTION 7

7. Use the Beltrami identity (F — ¢/ g—;‘: = Constant ) to show that the extremum

a 1 12
sz 1/ ty dz
0 2y

satisfies the differential equation

ylz 2c—y
V Y

By making the substitution y = 2csin?#, show that the solution of the differ-

for the integral

ential equation is z = ¢(26 — sin 26) (20

marks]




