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Question 1

(a) Convert the binary number 111...1 (n 1s) to its decimal equivalent.
[8 marks]

(b) Demonstrate how you would reformulate the following problem in order to
avoid loss of significant figures:

1 —cosz
_—f_; x =~ 0.
xr

[6 marks]

{c) By considering the Taylor series approximation for f(z) = tan~! z, formulate
a method for evaluating .
[6 marks]

Question 2

(a) To avoid computation of the derivative at each step of the Newton-Raphson
iteration, the method
f(za)

Tnil = Tn — f’(Sﬂo)

is sometimes used. Determine the order of this method for sufficiently close starting

value, and exhibit the corresponding asymptotic error constant.
[12 marks]

(b) Find the polynomial of degree < 2 that passes through (-1,2), (0,1} and (1,3)
in Newton forward-difference form.

[8 marks]
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Question 3
(a) Let a > 0, and consider the iterative process

zn (22 + 3a)

n >0
3z2 +a

Inig) =

(i) Determine the positive fixed point of the iteration.

(ii) Find the order of the method for sufficiently close starting value, and

determine the corresponding asymptotic error constant.
(10 marks]

(b) The function f(z) = z* — 52° + 92% — 7z + 2 = (z — 1)3(z ~ 2) has roots
Z; = 1 and Ty = 2. Using z¢ = 0.9, apply the Newton-Raphson method once, and
compute |z7 — F1|.
Apply the secant method once with zg = 0.9 and z; = 1.1, and compute
|z2 — Ey|. Briefly explain your results.
[10 marks]

Question 4

(a) The positive root of f(z) = a — Bz* — ¢ (with & > 0, 8 > 0) is sought and

the simple iteration z,+; = @ — Bz2 is used. Show that convergence will occur for
sufficiently close starting value zg, provided

3

B < -

-8 1

[12 marks]

(b) Given distinct points {(x;, fi);1 = 0{1)n}, wherea < zp <z < ... <z < b,
we are to construct the polynomial p,(z), of degree < n, that interpolates f at z;.
By considering the function

F(&) = Bnle) ~ gy 2o Hu

where E,(z) = f(x) — pa(z) and z; # ¢ € (a,b), show that if f € C""[a,b], the
error of the interpolating polynomial at t is given by

(n+1) n
En(t) = fTﬁ—-k—l(fT) S REEAE
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Question 5

2h
Suppose an approximation to [ = / f(z)dz is sought, and f(z) in [0, 2R

is approximated by the linear function [t);hrough the TWO points (0, f(0)), and
(R, £(R)).
(i) Write down the Lagrange representation of the polynomial that inter-
polates f at the two points (0, f(0)), and (A, f(h)).
: [4 marks]
(ii) By integrating the polynomial in (i) above between 0 and 2k, prove
that the desired quadrature formula is simply

IzT=2nf.

[8 marks]
(iii) Show, using Taylor series expansions about 0 and assuming f €
C'[0,2h], that
I-T=2h7f"(6);  £€(0,2h).

[8 marks]

Question 6

(a) The iteration zp4) = 2 — (1 + ¢)zn, + czd will converge for sufficiently close g
to s = 1 for some values of c. Find the values of ¢ for which this is true. For what
value of ¢ will the convergence be quadratic?

[10 marks]

2
(b) Use a three-point Gauss-Legendre Quadrature rule to approximate I = f e~ dg.
0
Note:

ry = — 5 wi
2’:2=0 Wa =

3
$3=\/; w3

wjcn oloo ojin

[10 marks]
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Question 7

{(a) Find the polynomial of degree < 2 that passes through (0,1), (-1,2) and (1,3)
in Lagrange form.

q{

[10 marks]

(b) Consider the six tabulated points (z1, f(x1), (z2, f(z2), ..., (zs, f(xe). Sup-
pose that f(z3) is perturbed by € > 0 so that the value is f(z3) + e. Construct
a difference table and show that the perturbation spreads through the table as
higher differences are taken.

[10 marks]

Ho ko ok ok ok END OF EXAMINATION ok ok ok ok ok



